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Abstract. In this paper, we show that on the weighted Bergman space 
of the unit disk the essential norm of a noncompact Hankel operator equals 
its distance to the set of compact Hankel operators and is realized by in- 
finitely many compact Hankel operators, which is analogous to the theorem 
of Axler, Berg, Jewell and Shields on the Hardy space in [3]; moreover, the 
distance is realized by infinitely many compact Hankel operators with sym- 
bols continuous on the closure of the unit disk and vanishing on the unit 
circle. 
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1 Introduction 

Let D be the open unit disk in the complex plane C. Let L°°{D) de- 
note the space of bounded measurable functions on the unit disk D, and let 
H°°{D) denote its subalgebra of bounded analytic functions. We write dA 
to denote the normalized Lebesgue area measure on the unit disk D. For 
a > —1, L^{D, dAa) consists of all function f on D such that 



where dAa{z) = {l + a){l — \z\'^)°'dA{z), it easy to see that J^dAa{z) = 1. 
For CK > — 1 we define the weighted Bergman space 




Al{D) = H{D)r}L\D,dA^) 
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where H{D) is the space of analytic functions on D. When a = we recover 
the standard definition of the Bergman space. 

The Toeplitz operator with symbol G L°°{D) on the weighted 
Bergman spaces is defined by 

TJ{z) = P^{vf){z)= [ K^{z,w)f{wMw)dA^{w) WfeAliD) 

JD 

where Ka{z, w) = is the reproducing kernel and Pa is the orthogonal 

projection of L'^{D, dA^) onto ^4^(1)). Theorem 4.24 in |I6] guarantees Pa is 
bounded operator on the weighted Bergman space. 

The Hankel operator with symbol ip G L'^{D) on the weighted Bergman 
space is defined by 

HJ = {I-Pa){^f) WfeAliD) 

where I— Pa is the orthogonal projection from L'^{D, dAa) onto (A^^D))^. 

Let %{D) denote the space of compact operators on D. The essential 
norm of an operator T is defined by 

||T||e = m/{||r-K|| -.KeXiD)}; 

i.e., the distance T to the space of compact operators. 

In order to address an approximation problem in L^{dD) where dD is 
the boundary of unit disk D (|1], [12]), Axler, Berg, Jewell and Shields |1] 
obtained the following beautiful result for the Hardy space H'^{dD). 

Theorem 1.1 Let Hj be a noncompact Hankel operator on Hardy space 
H^ (dD) . Then there exist inhnitely many different compact Hankel operators 
H^p such that \\Hf — H^\\ = ||-ff/||e- 

In other words, for a noncompact Hankel operator Hf with symbol / G 
L°°{dD) on Hardy space H'^{dD), its distance to the space of compact oper- 
ators is realized by infinitely many compact Hankel operators. On the Hardy 
space, a theorem of Nehari [2j states 

IliJ^II = dtst{f,H°°). 
It is also true that \\Hf\\e = dist{f, H°° + C{dD)). 
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For Hankel (Toeplitz) operators on unweighted Bergman space, it is 
known the essential norm is reahzed by some compact operators ( [3, [H]), and 
in [15] , the essential norm was estimated by 

in^ll/ o - PU o Vz)h < \\Hf\\e < Ch^Wf o - F(/ o ° 

where ipz{w) = C is a constant. The estimation of the Teoplitz 

operator Tf is 

Ti5r||P(/o^,)||2< ||r^||,<C'Ti^^^ 

\z\^l \z\^l 

A natural question is whether Theorem 1.1 can be extended to the case 
of Hankel (Toeplitz) operators on the weighted Bergman space. 

Indeed, we shall prove that the conclusion of Theorem 11.11 holds for non- 
compact Hankel operators Hf and noncompact Toeplitz operators Tf, with 
symbol / G L°°{D); moreover, the symbols (f of the approximation operators 
(T^) will actually reside in a better behaved function space, which will 
guarantee that H^, Hjp, T^, and are compact. 

Let Cd{D) denote the space of continuous functions on the closure D of 
the unit disk and vanishing on the unit circle dD. By results in |2], [10], [13], 
[H], [15], [16], [IT], we easily see that for each in Cg{D), H^, H^p, T^, and 
Tjp are compact. The first two theorems are inspired by and analogous to 
Theorem 11.11 

Theorem 1.2 Let / G L°°{D), and Hf the associated noncompact Hankel 
operator on A^lD). There exist infinitely many distinct compact Hankel 
operators H^p with symbol ip in Cd{D) such that 

\\Hf — H^W = \\Hf\\e. 



Theorem 1.3 Let f G L°°{D), and Tf the associated noncompact Teoplitz 
operator on A^^{D). There exist inhnitely many distinct compact Toeplitz 
operators T^ with symbol (p in Cq{D) such that \\Tf — T^pW = ||T/||e. 

If / is harmonic on the unit disk, we have the following result. 
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Theorem 1.4 Let f be a bounded harmonic function on the unit disk, and 
Hf the associated noncompact Hankel operator on v4^(D). There exist in- 
hnitely many distinct harmonic functions on the unit disk and continuous 
on the closure of the unit disk such that 

\\Hf - H,p\\ = \\Hf\\e- 

For the Hardy space, the reproducing kernel is given by Kz{^) = 
ioT z e D and ^ G dD (see Corollary 2.11 in 0); i.e., for any / G H'^{dD), 
f{z) =< f,Kz >. Since the reproducing kernel for v4^(-D) is Ka{z,w) = 
(^i_^lj--^2+c with a > —1, it is tempting to consider the Hardy space as a 
limiting situation for the weighted Bergman spaces as a — )■ —1; for this 
reason, the Hardy space is often denoted as A'^^. As a result, we view the 
theorems in this paper as a generalization in which the theorem of Axler, 
Berg, Jewell and Shields's appears as a special limiting case. 

Recall that a sequence {An} of bounded linear operators on a Banach 
space H converges to an operator A in the strong operator topology if || {An — 
A)f\\ for every f e H. 

Our proof will make use of the following result which we will record here, 
and whose proof can be found in |3]. 

Theorem 1.5 Let Hi and H2 be two Hilbert spaces, and T : Hi ^ H2 
a noncompact bounded operator. Let {Tn}n>i be a sequence of compact 
operators from Hi to H2 such that Tn ^ T and T* — )■ T* in the strong 
operator topology. Then there exist sequences {a„}„>i and {bn}n>i of non- 
negative real numbers such that J2n>i'^n = J2n>i^n = 1 and ||T — = 
||T - X2II = ||2"||e, where Ki = Y.n>i "'nTn and K2 = Y.n>i ^nTn, moreover, 
Ki ^ K2. 

2 Proof of Theorems 

In order to use Theorem 11.51 to prove Theorems 11.21 and II. 3[ we need to 
establish all the conditions in the premise; i.e., there exists a sequence of 
functions Tpn G Cq{D) such that the sequence of compact Hankel(Toeplitz) 
operators {H^J{{T^J) and {H^Jd^J) respectively converge to Hf{Tf) 
and Hj{TJ) in the strong operator topology. We start by approximating 
/ G L°°{D) by continuous functions. 

Suppose 5 is a positive smooth function on the complex plane C such that 
(a) 5 is compactly supported and identically zero outside of D, 
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(b) J^5iz)dA^{z) = 1, 

(c) For £ > 0, linie^^o ^e(-2^) is a Dirac delta function where S^iz) = 

(d) J^^^^Jeiz)dA^iz)=0. 

Then 6 is called a molUGer and J^d£{z)dAa{z) = 1. 

Any / G L°°{D) can be extended to the whole complex plane C by taking 
it to be zero outside of D. For convenience, we will denote it by the same 
function and so we can assume / G L^^(C); thus, / G Lj^^^C, dAa) since 

\fiz)\dA^iz)= [ \fiz)\dA^iz)<\\f\\^<oo. 
c Jd 

We can define the convolution 



5s*f{z)= / 6,{z-w)f{w)dA^{w) = / 6e{w)f{z-w)dA^{w). 
Jc Jc 

For each fixed z ^ D, the non-trivial domain of integration for J^6e{z — 
w)f{w)dAa{w) is the disk centered at z and of radius e. Note the convolution 
is still defined for z G dD; hence * / is a mollification of /. 
It is well known that 

(a) C°°(C,dA„), 

(b) 6e*fe L\C, dA^) and * / - /||2,« ^ as e ^ 0. 

The reader may wish to consult 0, P| and [TT] for more information. 

Note, even if the function / G L°°[D) is zero on the boundary dD, the 
convolution Ss* f may not be identically zero on dD. We will need to modify 
the convolution to make sure that does not happen. 

For a sequence {r„} such that < r„ < 1 and z E D, we define 



(2.1) frAz) 




\z\ > r„. 



We claim that for any e > the convolution * fr„ has the following 
properties: 

(a) 6e * frn{z) converges to 6s * f{z) pointwise as r„ — )• 1; 

(b) If distijnD, dD) > e, the convolution Ss * fr„ is equal to zero on dD. 
Proof of this claim: 
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(2.2) 



a) To see this, for every z & D 

\Se * f{z) -6e* /r„(^)| 

< / 6,iz-w)\fiw)-fr.M\dAM 

Seiz - W)\f{w) - fr„{w)\dAa{w) 

\z — w\<€ 

+ 2II/II00 / 6,iz - w)dA^{w) 

J \z—w\>t 

Since fr^z) f{z) pointwise as r„ -> 1 and ||/r,J|oo < ll/IU, for any 
2; G C we have S^iz — w)fr„{w) — )■ S^iz — w)f{w) pointwise as r„ — )■ 1 and 
\6s{z — w) fr„{w)\ < Se{z — w)\\f\\Qo- By the dominated convergence theorem, 
the last equahty of (2.2) goes to as r„ — )■ 1. 
(b) We'll show that 4 * frJdD = 0. In fact, 

5eiz-w)frMdA{w)\dD 

Seiz - w)f{w)xr^Diw)dA{w)\dD 



(2.3) 



z—'w\<e 



where xa is the characteristic function of the set A. For z G dD, from 
the assumptions dist{rnD,dD) > e and I2; — tt)| < e, the domain of the last 
integration is empty. Thus 6^ * fr„{z)\dD = for all < r„ < 1. Hence 
6^ * fr„ G Cq{D). This finishes the claim. 

For any / G L°°{D), we have a sequence of functions 6e * fr„{z) G Cd{D). 
In [15] and HE], it was estabhshed that Hs^^f^^Hl^frJ ^nd Ts^^f,^ (Tl^frJ 
are compact on Bergman space for < r„ < 1. The next step is to prove 
convergence in the strong operator topology of these sequences of operators 
on the weighted Bergman space. 



Proof of theorem 11.21 First, we show that Hs^*f^^ converges to Hf in 
the strong operator topology. 

It is well known that the subalgebra H°°{D) is dense in v4^(D), i.e. Vei > 
and for any g G A^^D), there exists a gi E H°°{D) such that \\g — 5'i||2,a < 
£1. Using the Holder inequality, the bounds ||(^£*/r„ ||2,a < ll/lloo) and the fact 
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that the orthogonal projection / — is a bounded operator on the weighted 
Bergman space A^i^D), we see that 

WiHj - Hs,.fjgh,a 

< \\{Hf - Hs^.fJig - g^)h,a + \\{Hf - Hs^,fjg,h,a 

= ||(/ - - 5, * frJig - gi)h,a + ||(/ - Pa)if ' 4 * frMka 

(2.4) < \\(f-S,*fr„){g-gi)ha + Uf-Ss*U9iha 

< \\f - * frj2,a\\9 - giha + || (/ " 4 * 1| 2,a 
+ \\{Se* f -^e* frjgiha 

< 2£l||/||oo + 11/ - 5. * /||2,.||<7l||oo + 11(4 * / - 5e * Ugiha 

From claim (a), we see that 6^ * /r„(^) — > f^s * f{z) pointwise as y 1. 
For gi G H°°{D), we also have * fr^{z)gi{z) —> 6^ * f{z)gi{z) pointwise. 
It is easy to see that \6e * frn{z)9i{z)\ ^ ||/||oo|9'i(-2)|- By the dominated 
convergence theorem \\{6s * f ~ Se * fr„)gi\\2,a — )■ as r„ — )■ 1; thus, \\{Hf — 
Hs^*f,.^)g\\2 — as r„ — > 1 and £ —t- for all Si > 0. We have shown that 
Hs^*fr„ converges to Hf in the strong operator topology. 

Next we show that H^^^^^ converges to HJ in the strong operator topol- 
ogy- 

For any g G A\{D) and V^i > 0, there exists a 5^1 G H^{D) such that 
\\g " gi\\2,a < £i- Similar to the previous argument, 

WiH} - Hl^fjgh^^ 

< \\{H} - Hl^^Jig - g,)h,^ + \\{H} - Hl^^Jg.h,^ 

= \\(i-p^y(f-s,*U*ig-gi)ha 
+ \\{i-p^y{f-5,*frSgila2 



(2.5) 



< IK/ - 4 * U{g - gi)\\2,a + Uf-Ss* Ugih, 



< ||/-4*/rJ|2,a||^-^l||2,a+ || (/ - 4 * /)£/! || 2,, 



+ m*f-Se*frJgi\\2,a 

< 2ei||/|U + IK/ - 4 * /)l|2,.|kl||oo +m*f-Ss* frjgiha 



For gi G H°°{D), we have 6^ * frn{z)gi{z) 6^ * f{z)gi{z) pointwise and 
* fr„{z)gi{z)\ < ||/||oo|fi'i(-2)|- By the dominated convergence theorem, we 
have IK/ -6e* /r„)5'i||2,a as r„ 1. Using the fact that ||/ - 6^ * fh^a ^ 
as e — )• 0, and for all ei > 0, we see that the last line in (12. 5p goes to 0. 
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From Theorem 11.51 there exist two sequences {ari}„>i and {&„.}n>i of 
non-negative real numbers such that J2n>i = J2n>i = 1- Let cpi = 
Xl^iOn^n and_y?2 = Z]r=i^"^" where = 4 * /r„- Since each ^„ is 
continuous on D and ipn\dD = 0, and (p2 are continuous on D and equal to 
zero on dD. This implies H^^ is compact for n > 1. From the formula, 



it follows that H^^ is compact; similarly for H^^- Theorem 11.51 guarantees 
that H^^ ^ H^^. 

The two distinct compact Hankel operators H^^ and H^^ satisfy \\Hf — 
H^^W = \\Hf - if^JI = \\Hf\\e. Let ip = scpi + (1 - s)ip2, for s G (0,1). 
Hence there exist infinitely many compact Hankel operators H^p such that 
\\Hf — H^pW = \\Hf\\e. This finishes the proof of Theorem 11.21 ■ 

Proof of Theorem II. 3[ We show T^^^f^^ converges to Tf in the strong 
operator topology. 

For any g G A?^{D), and Si > 0, there exists a gi E H°°{D) such that 
llfi^ — 5'i||2,a < ^1- Then using the Holder inequality, ||(5e * /r„ Ih.a < ll/lloo and 
the boundedness of the orthogonal projection Pa on the weighted Bergman 
space, we have 



UTf -Ts^,f^Jg\\2,a 

< II (^/ - Ts,*frJ{9 - 9i)ha + WiTf - Ts^*f,Jgi\\2,a 

= WPaif - * frJig - 9l)ha + \\Pa{f " 4 * frMkc 

< 11/ - 4 * frJhaUg - gi)ha +\\{f -Se* fr„)9l\\2,a 

< 2£i||/|U + IK/ - 4 * /)^l||2,« + 11(4 * / - 4 * /.J^?l||2,a 

< 2e^\\f\U + IK/ - 4 * /)l|2,.|ki||oo + 11(4 * / - 4 * /r„kl||2, 



Similar to the argument of theorem II. 2[ it can be seen that the last line of 
equation (2.6) goes to 0. Hence \\(Tf — Ts^^:f^^)g\\2,a — )■ as r„ — )■ 1, e — )■ 
and for all > 0. This finishes the demonstration that T^^^j^^ — )■ Tj in the 
strong operator topology. 

The reader may show that Tj* — t- TJ in the strong operator topology 
by an argument like the ones previously given. 

From Theorem II. 5| there are two sequences {an}n>i and {&„}„>! of 
non-negative real numbers such that Ylin>i '^n = Ylin>i = 1- Set ipi = 



oo 




n=l 
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Z]^=i fln^n and = T.n=i ^n'^n- Siiice eveiy e Cd{D), we have v^i, e 
Ca{D). 

Hence T^^ and are compact and they satisfy \\Tf—T^^ \\ = ||T/— T^^j || = 
||Tc,||e. Theorem 11.51 guarantees r<^j 7^ T^2- By setting = sipi + (1 — s)ip2, 
for s G (0, 1), we produce infinitely many compact Toephtz operators T^p such 
that \\Tf — T^W = \\Tf\\e. m 

Proof of Theorem 11.41 Let fi{D) denote the collection of all bounded 
harmonic functions on the unit disk D. For / G h{D), we'll show that there 
exists a sequence {/«} of functions harmonic on D and continuous on D 
such that the compact Hankel operators Hf^{Hj^) converge to Hf{Hj) in 
the strong operator topology. 
For / G h{D) and z E D, let 

fn{z) = f{rnZ) 

where < r„ < 1 and r„ — )■ 1 as n — )■ 00. We have Afn{z) = r^A/(r„z) = 
where A is the Laplace operator; thus /„ is harmonic on D and continuous 
on D, and by [161 Sec 8.4], Hf^ is compact on the weighted Bergman space. 
It's not hard to see that fn{z) converges to f{z) pointwise as t?, — > 00. By 
the maximum modulus principle, we have ||/n||oo < ll/lloo- For g G Al,{D), 
\fn{z)g{z)\ < ||/||oo|fi'(^)| and fn{z)g{z) pointwise converges to f{z)g{z). We 
can now apply the dominated convergence theorem to see that 

hm / \{Uz) - f{z))g{z)\^dA^{z) = 

This yields 

\\iHf^-Hf)g\\l^=\\{I-P){fn-f)9\\l^ 
^^■^^ < ll(/n - f)9\\L = [ K/nH - f{w))giw)\'dA^{w) ^ 

which implies Hf^ — > Hf in the strong operator topology. 
Similarly, Hj^ — )■ Hj in the strong operator topology. 
Let {a„}„>i and {&„}„>i be two non-negative real valued sequences such 

that Y,n>l = E„>1 bn = 1, and set = ^^=1 ^"^^ = Y.n=l ^nfn- 

Since each /„ is harmonic on D and continuous on D, we have Lpi and ip2 
are harmonic on D and continuous on D; thus, i/^^ and H^^ are compact 



9 



operators which satisfy \\Hf — H^^\\ = \\Hf — H^^\\ = ||i^/||e, and are distinct 
by Theorem 11.51 The proof can be finished in the now standard fashion. ■ 
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